Formulation of a Cooperative-Confinement-Escape problem of multiple cooperative defenders against an evader escaping from a circular region  by Li, Wei
Commun Nonlinear Sci Numer Simulat 39 (2016) 442–457 
Contents lists available at ScienceDirect 
Commun Nonlinear Sci Numer Simulat 
journal homepage: www.elsevier.com/locate/cnsns 
Formulation of a Cooperative-Conﬁnement-Escape problem of 
multiple cooperative defenders against an evader escaping 
from a circular region 
Wei Li 
Department of Control and Systems Engineering, Nanjing University, China 
a r t i c l e i n f o 
Article history: 
Received 11 July 2015 
Revised 27 November 2015 
Accepted 28 February 2016 
Available online 19 March 2016 
Keywords: 
Conﬁnement-escape problem 
Cooperative control 
Cooperative defenders 
Cooperative conﬁnement 
Cooperative patrolling 
Deployment 
Escape 
Evader 
Motion pattern 
Multi-agent 
Patrolling 
Pursuer–evader 
Pursuit–evasion 
Trajectory prediction 
a b s t r a c t 
In this paper, we propose and formulate the Cooperative-Conﬁnement-Escape (CCE) prob- 
lem of multiple cooperative defenders against an evader escaping from a circular region, 
in which the defenders are moving on the circle with attempt to prevent possible escape 
of a single evader who is initially located inside the circle. The main contributions are 
summarized as follows: (1) we ﬁrst provide an effective formulation of the CCE problem, 
which is an emphasis of this paper, with design of two nonlinear control strategies for the 
cooperative defenders and the adversarial evader, respectively. Particularly, we consider to 
include a proper interaction between each pair of the nearest-neighbor defenders, and an 
adaptive trajectory prediction mechanism in the strategies of the defenders to increase the 
chance of successful conﬁnement. (2) For the ﬁrst attempt on analyzing the CCE dynamics 
which is unavoidably strongly nonlinear, we analyze the minimum energy of the evader 
for possible escape. (3) For understanding of the behaviors of the system under different 
parameters, (i) we illustrate the effectiveness of the conﬁnement strategy using the adap- 
tive trajectory prediction mechanism, and (ii) the physical roles of the system parameters 
with respect to the system dynamics, some of which may be unexpected or not straightfor- 
ward. A separate paper will be presented for systematic analysis of the agents’ behaviors 
with respect to the large intervals of the parameter settings. 
© 2016 The Authors. Published by Elsevier B.V. 
This is an open access article under the CC BY-NC-ND license 
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
 
 
 
 
 
 
 
 1. Introduction 
There are many interests in pursuit–evasion and predator–prey problems in multiple disciplines, as in ecology and bi-
ology [1–10] , mathematics [24,27–29,31–37,40] , physics [11,13,16] , computer science [31–36,46] , and control and robotics
[22,25,26,29–33,38,41–44] . For example, the defender–intruder problem and the optimal interception strategy [12] , the
Homicidal Chauffeur problem [22,26] , the princess and monster game or the lion and man problem [27] , and the
conﬁnement-escape problem of a defender against an evader escaping from a circular region [14] , with escape analysis
of the conﬁnement-escape problem provided in [15] , etc. Typically, a pursuit–evasion problem has two adversarial agents,
i.e., there is generally one agent against another, with a fewer cases of multiple agents [7,11,13,16,25,39,41] , or using wireless
sensor networks [43] . For predator–prey problems, most research is in the ﬁeld of biology, with main concerns on variationE-mail address: wei.utdallas@live.com 
http://dx.doi.org/10.1016/j.cnsns.2016.02.042 
1007-5704/© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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 of the populations of the predators and preys as the system evolves. For research on pursuit–evasion, one category of the
main concerns focuses on search algorithms for a graph (i.e., how the pursuers search the vertices of the graph effectively
to detect the evader) [31–36] , typically with no explicit kinematics or dynamics of robotic agents considered (refer to the
review paper [31] ). There are some work on robotic pursuit–evasion from the perspective of control [25,29,41] . 
Different from the above scenarios of the pursuit–evasion problems, in this paper we propose the problem of multiple
defenders patrolling on a predeﬁned region against escape of an evader who is initially located inside the region, which is
referred to as the Cooperative-Conﬁnement-Escape problem, or for abbreviation, the CCE problem. When there is only one
defender in the CCE problem, we call it the Conﬁnement-Escape problem [14] , or for abbreviation, the CEP. Cooperation
between the defenders in the proposed CCE problem is a newly added feature and also one of the components in the
strategies of the defenders, as compared with the CEP; note that here cooperation in the CCE problem is still different
from the cooperation interactions in, e.g., collective motion in physics [11,13,16–18] or cooperative control of multiple agents
(such as ﬂocking [19] , formation [19,20,42] , cooperative manipulation [21] , swarming on non-Euclidean manifold [20,23] ),
etc. 
In this paper, we consider the CCE problem particularly with respect to a circular region in the 2-D Euclidean space,
i.e., multiple defenders moving on the circle for boundary patrolling with attempt to prevent escape of the evader who is
initially located inside the circle. The defenders try to guard the circle with cooperation to prevent possible escape of the
evader, while the evader attempts to escape from the circular region while avoiding the defenders. As a result, successful
conﬁnement is deﬁned that, the evader will be always conﬁned inside the circle; otherwise, successful escape of the evader
is deﬁned. 
First, we focus on modeling of the system evolution with an emphasis on design of the strategies for the defenders and
the evader, respectively. Here, we are not intended to formulate the problem as a differential game [22] ; rather, we consider
the modeling of the problem using possibly bio-inspired strategies of the agents which are simple yet effective enough with
rich nonlinear behaviors of the agents; this modeling is itself meaningful and will be a good start point for considering
more complex behaviors (including gaming behaviors) of the agents in applications. The constraint of spherical or circular
motion of agents was provided in the author’s previous work [14,20] . 
There are three fundamental ingredients in the design of the strategies of the agents, i.e., (1) modeling of the agents,
(2) design of interactions for cooperation between the defenders and for conﬂict between the defender and the evader,
and (3) the control laws of the agents. First, for simplicity at the initial stage, we model every agent as a mass point in
the Lagrangian approach with second-order dynamics that is described by ordinary differential equations (ODEs). Second,
to model interactions between the agents, we assume the fundamental interactions (i.e., only attractions and repulsions)
between the agents for the CCE evolution, to be speciﬁc: (i) from the perspective of every defender, there is an attraction on
the defender from the evader while not driving the defender out of the circle [14] , (ii) from the perspective of the evader,
there is a direct repulsion on the evader from each of the defenders, and (iii) for the purpose of cooperative deployment on
a large-scale region on the circle, assume that there is a proper repulsion between each pair of the nearest-neighbor defenders .
The last ingredient is to design the control laws of the agents with some possible adaptive mechanisms that favor successful
conﬁnement. 
Integrated with the above considerations, we design two nonlinear control strategies for the defenders and the evader,
respectively, with consideration of including an adaptive trajectory prediction mechanism in the strategy of the defenders
to increase the chance of successful conﬁnement. 
The main contributions in this paper are summarized in three aspects: First, as an emphasis of this paper, we pro-
vide an effective formulation of the CCE problem, with design of two control strategies for the defenders and the adver-
sarial evader, respectively. Particularly, we consider to include a proper repulsion interaction between each pair of the
nearest-neighbor defenders, and an additional trajectory prediction mechanism in the strategies of the defenders to in-
crease the chance of successful conﬁnement. Second, for the ﬁrst attempt on analyzing the CCE dynamics which is un-
avoidably strongly nonlinear, we analyze the minimum energy of the evader for possible escape. Third, for understand-
ing of the behaviors of the system under different parameters, which are mostly illustrative with examples, (i) we il-
lustrate the effectiveness of the conﬁnement strategy using the adaptive trajectory prediction mechanism, and (ii) the
physical roles of the system parameters with respect to the system dynamics, some of which may be unexpected or
not straightforward, and (iii) we investigate the dynamic properties of the system, using some kinds of performance
indices. 
Finally, for systematic analysis of the behaviors of the agents with respect to the larger intervals of the parameter settings,
a separate paper will be soon presented on this concern, together with the winning sets for the defenders and the evader,
respectively. 
This remaining of the paper is arranged as follows: Section 2 describe the CCE problem of multiple defenders against
escape of an evader. Section 3 designs the components of the control laws of the defenders and evader, respectively.
Section 4 provides the overall control laws of the agents. Section 5 analyzes minimum energy of the evader for possible es-
cape. Section 6 analyzes the dynamics and performance of the system. Section 7 discuss motion patterns of the system with
different number of the defenders and different parameters of the system. Section 8 is future considerations. Section 9 is
the conclusion. 
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Fig. 1. Illustration of cooperative conﬁnement by the n = 6 cooperative defenders against the evader’s escaping from the circular region, with four snap- 
shots. The discs represent the current positions of the agents, and the arrows represent the current velocities of the agents. The dotted circle is the circle 
with radius r . For more details, please refer to Section 6 . 
 
 
 
 
 
 
 
 
 2. Problem description 
2.1. Scenario of the CCE problem 
Consider n homogeneous defenders and one evader in the 2-D Euclidean space. The defenders are conﬁned to move on
the unit circle S 1 with radius r > 0 for boundary patrolling. The evader, who is initially located inside the circle, attempts to
avoid the defenders and escape from the circle; while the defenders try to guard the circle such that the evader once inside
the circle cannot escape from it, as illustrated in Fig. 1 . 
2.2. The model 
Deﬁne the positions of the defenders as: x i (t) ∈ R 2 , i = 1 , 2 , . . . , n, and the position of the evader as x e (t) ∈ R 2 , in the
2-D Euclidean space. For convenience, every agent is modeled as a unit-mass point. Consider the second-order dynamics of
the double-integrator agents under the Cartesian coordinates, respectively: 
x¨ i (t) = u i (t) , i = 1 , 2 , . . . , n (1) 
x¨ e (t) = u e (t) (2) 
where u i (t) ∈ R 2 is the control input of defender i , and u e (t) ∈ R 2 is the control input of the evader. Without loss of gener-
ality, assume the center of the circle lies at the origin of the Cartesian coordinates. Initially, all the defenders are distributed
on the circle, uniformly or randomly; and the evader lies inside the circle. Thus, the constraints of the initial conditions are
that: 
|| x e (0) || < r (3) 
|| x i (0) || = r, 〈 x i (0) , ˙ xi (0) 〉 = 0 , i = 1 , 2 , . . . , n (4)
where 〈 , 〉 represents the inner product in the Euclidean space. 
2.3. Deﬁnitions of successful conﬁnement and escape [14] 
Deﬁnition 1. Successful conﬁnement is achieved, if the evader can be always constrained inside the circle, i.e., 
|| x e (t) || < r, ∀ t ≥ 0 . (5) 
Deﬁnition 2. Successful escape of the evader is achieved if 
|| x e (t e ) || = r (6) 
where 0 < t e < ∞ is deﬁned as the escape time of the evader. For successful conﬁnement, t e = ∞ . 
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 2.4. Structure of the control laws of the defenders and the constraints 
Proposition 1 provides the structure and constraints of the control law u i ( t ) for every defender, to ensure its motion on
the circle, i.e., || x i ( t )|| ≡ r , which implies 〈 x i (t) , ˙ xi (t) 〉 ≡ 0 , i.e., ˙ xi (t) is expecting to be always perpendicular to x i ( t ). 
Proposition 1. [20] : Consider the structure of the control law u i ( t ) of the defenders: 
u i (t) = g i (t) − k v ˙ xi (t) + f i (t) , i = 1 , 2 , . . . , n (7)
where 
g i (t) = −
|| ˙ xi (t ) || 2 x i (t ) 
r 2 
and k v ≥ 0 is the velocity damping, and f i (t) ∈ R 2 is the overall interaction force on defender i. For initial condition (4) , if the
force f i ( t ) is always perpendicular to position x i ( t ), i.e., if 
f i (t) ⊥ x i (t) , ∀ t ≥ 0 (8)
then the defenders are always conﬁned to the circle, i.e., || x i ( t )|| ≡ r , 〈 ˙ xi (t) , x i (t) 〉 ≡ 0 , i = 1 , 2 , . . . , n . 
Remark. For more details, please refer to [20] . 
3. Design of the control laws of the defenders and the evader 
This section designs the strategies of the defenders and the evader, respectively, for the CCE problem, using proper arti-
ﬁcial potentials or artiﬁcial forces between the agents. 
3.1. Motivation of the strategies 
Some phenomena of biological systems motivate the choice of the strategies of the defenders and the evader (as de-
scribed in the following) that might possibly behave as this paper describes. For example, multiple wolves or dolphins
trying to cooperatively feed on one prey or a swarm of preys; in such scenarios, the predators ﬁrst try to surround the
preys cooperatively to wait an opportunity to feed, while the preys try to escape with the strong desire for survival; al-
though the predators are not exactly conﬁned to a circle (for the wolves in the 2D plane) or a sphere (for the dolphins in
the 3D space) that surrounding the preys. 
As in many physics papers for investigation on multiple agents, the interactions between agents are usually described
using artiﬁcial attraction–repulsion forces. The idea of artiﬁcial attraction–repulsion forces is also used in this paper in
designing the strategies of the agents but with new formulations that are suited for the CCE problem. 
The formulation of the strategies of the agents in this paper is simple yet effective with rich nonlinear dynamics, and it
is a good start point to consider more complicated behaviors of either biological or artiﬁcial agents for applications. 
3.2. Interactions between the defenders for a large-scale deployment 
To guard the whole circle against the escape of the evader, the defenders are not expecting to aggregate in a local region
of the circle. For a relatively large-scale deployment on the circle, we naturally assume that there exist proper repulsions
between the defenders, and since the circle is compact, there is no attraction needed between the defenders. 
Deﬁne the repulsion force f r 
i j 
(t) ∈ R 2 on defender i from defender j as: 
f r i j (t) := 
−k r 
|| x i (t) − x j (t) || 2 
(
x j ( t) −
〈 x i ( t) , x j ( t) 〉 
r 2 
x i ( t) 
)
, 
i 
 = j, i, j = 1 , 2 , . . . , n, where k r > 0. 
Then, from the deﬁnition, 〈 f r 
i j 
(t) , x i (t) 〉 = 0 , i.e., f r i j (t) ⊥ x i (t) for all i , which is important for the defenders to be conﬁned
to the circle. f r 
i j 
(t) = 0 only when x i (t) = −x j (t ) ; and || f r i j (t ) || → ∞ when x i ( t ) → x j ( t ). For more details on f r i j (t) , please
refer to [20] . Note that the magnitudes || f r 
i j 
(t) || = || f r 
ji 
(t) || , but generally f r 
i j 
(t) 
 = f r 
ji 
(t) . 
Deﬁne N i as the neighbor set of agent i in the graph (denoted as G 1 ) which contains only the defenders, i = 1 , 2 , . . . , n .
Then, deﬁne the overall repulsion f r 
i 
(t) ∈ R 2 on defender i by its neighboring defenders as: 
f r i (t) := 
∑ 
j∈N i 
f r i j (t) , i = 1 , 2 , . . . , n (9)
or equivalently, 
f r i (t) = 
n ∑ 
j=1 
w i j f 
r 
i j (t) , i = 1 , 2 , . . . , n 
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Fig. 2. The interaction forces f a 
ie 
(t) , h r 
ei 
(t) , deﬁned in Section 3 -D and 3 -F, respectively, and the position prediction x¯ e (t + τ ) of the evader. 
 
 
 
 
 
 
 
 
 
 
 
 
 where w i j = 1 when j ∈ N i , else w i j = 0 . One has 
f r i (t) ⊥ x i (t) , i = 1 , 2 , . . . , n. (10)
For the deployment of the agents on the circle (for patterns of spherical deployment of agents, refer to [20] ), since
|| f r 
i j 
(t) || → ∞ when x i ( t ) → x j ( t ), so there is no any defender surpassing any other on the circle, thus it is convenient to
deﬁne the neighbor agents of agent i as the two nearest agents adjacent to it in counter-clockwise and clockwise directions,
respectively. First, label all the agents counter-clockwise, then W 1 is a symmetric circular matrix as: 
W 1 := [ w i j ] = 
⎛ 
⎜ ⎜ ⎜ ⎜ ⎝ 
0 1 0 0 . . . 0 1 
1 0 1 0 . . . 0 0 
0 1 0 1 . . . 0 0 
. . . 
. . . 
. . . 
. . . 
. . . 
. . . 
. . . 
1 0 0 0 . . . 1 0 
⎞ 
⎟ ⎟ ⎟ ⎟ ⎠ . (11) 
In this paper we adopt this nearest-neighbor coupling between the defenders. Lemma 1 in the Appendix illustrates the dy-
namics of the defenders under the repulsions with the nearest-neighbor coupling (11) . 
3.3. Trajectory prediction of the evader 
If the defenders can predict a future position of the evader, then they may adjust their actions in advance, and the chance
for successful conﬁnement will possibly be increased. 
From the perspective of the defenders, consider the short-time position prediction x¯ e (t + τ ) ∈ R 2 as the evader’s future
position x e (t + τ ) ∈ R 2 , where 
x¯ e (t + τ ) := x e (t) + τ ˙ xe (t) , τ ≥ 0 , (12) 
which is a linear state estimator, as illustrated in Fig. 2 ; and 
x¯ e (t + τ ) ≈ x e (t + τ ) 
if τ is small enough. Since the dynamics of the agents is strongly nonlinear, it is no much meaning for a long-time prediction
(i.e., when τ is large). The following will show the effectiveness of this simple trajectory prediction mechanism. Certainly,
one may consider a more complex trajectory prediction mechanism, which is not the focus here. 
3.4. Conﬁnement mechanism of the defenders 
To prevent the escape of the evader, the defenders are expecting to reach the possible escape region as quickly as possible
so as to exert the repulsion forces on the evader [14] . 
First, consider the motion derived by attraction force f a 
ie 
(t) ∈ R 2 on defender i from the evader ( Fig. 2 ): 
f a ie (t) := k a w ie 
(
x e (t) − 〈 x i (t) , x e (t) 〉 
r 2 
x i (t) 
)
, i = 1 , 2 , . . . , n (13)
where k a > 0. f 
a 
ie 
(t) = 0 when either x e ( t ) ‖ x i ( t ) or x e (t) = 0 . In this paper, assume w ie = 1 , i = 1 , 2 , . . . , n . 
Further, to improve the conﬁnement performance, we use the predicting position x¯ e (t + τ ) of the evader deﬁned in (12) ,
instead of its current position x e ( t ), then the attraction force (13) on defender i becomes: 
f a ie (t) := k a w ie 
(
x¯ e (t + τ ) − 〈 x i (t) , ¯x e (t + τ ) 〉 
r 2 
x i (t) 
)
. (14) 
Then, compared with (13) , the defenders with (14) try to reach the possible escape region in acceleration and guard the
circle by their repulsions h r e (t) in (15) on the evader, thus increase the success of conﬁnement for a proper value of τ . 
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Fig. 3. The geometric interpretation of attraction force f a 
ie 
(t) in (14) with the trajectory prediction mechanism deﬁned in (12) of the evader. In each sub- 
ﬁgure, the green arrow (with the direction and magnitude) represents f a 
ie 
(t) . (For interpretation of the references to color in this ﬁgure legend, the reader 
is referred to the web version of this article.) 
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 3.5. Geometric interpretation of the trajectory prediction mechanism and its adaptivity 
Interestingly, the attraction force f a 
ie 
(t) in (14) , with the simple trajectory prediction mechanism (12) , is adaptive to the
different situations of the agents’ states (i.e., the evader’s velocity and relative positions of the agents). The geometric inter-
pretation of the adaptive property trajectory prediction (14) is illustrated as follows [here for simplicity, assume the attraction
coeﬃcient k a = 1 , then the force f a ie (t) has the geometric meaning as the vector plotted in Fig. 3 ] with four different cases:
1) In Fig. 3 (a), the three position-vectors x i (t) ‖ x e (t) ‖ x¯ e (t + τ ) are parallel, in this case, f a ie (t) = 0 , defender i is just at
ahead of the future position of the evader, so no attraction force needed; 
2) In Fig. 3 (b), x i ( t ) ‖ x e ( t ), but x i ( t ) and x¯ e (t + τ ) are not parallel, in this case, f a ie (t) = 0 with τ = 0 ; but defender i is ex-
pected to move ahead of the future position x¯ e (t + τ ) of the evader for better conﬁnement performance. With τ > 0,
f a 
ie 
(t) 
 = 0 just provides such driving force; 
3) In Fig. 3 (c), the magnitude || f a 
ie 
(t) || is larger with τ > 0 than the case with τ = 0 ; then defender i with τ > 0 has more
agile maneuver to move to the desired position that is more faraway and thus promotes the conﬁnement performance; 
4) In Fig. 3 (d), the magnitude || f a 
ie 
(t) || is larger with τ = 0 than the case with τ > 0; then defender i with τ > 0 has less
agile maneuver to move to the desired position (that is relatively near) than the over-activated maneuver ( τ = 0 ) and
thus promotes the conﬁnement performance. 
In both (13) and (14) , we have 
f a ie (t) ⊥ x i (t) , i = 1 , 2 , . . . , n 
which is important to make the defenders conﬁned to the circle. f a 
ie 
(t) = 0 when either x¯ e (t + τ ) ‖ x i (t) or x¯ e (t + τ ) = 0 . 
3.6. Escape strategy of the evader with avoidance of the defenders 
For the evader, it is reasonable to assume that, the defenders will have threats on the evader, which will increase sig-
niﬁcantly as the evader approaches to the defenders; and when the distance between the evader and any of the defenders
is small enough, the evader will be captured by this defender; so the evader is expecting to stay away from the defenders.
Assume there is the repulsion h r 
ei 
(t) ∈ R 2 on the evader from defender i as: 
h r ei (t) := κr w ei 
x e (t) − x i (t) 
|| x e (t) − x i (t) || γ , i = 1 , 2 , . . . , n (15)
where κ r > 0, γ ≥ 2, it points to the direction of the vector (x e (t) − x i (t)) ∈ R 2 , as illustrated in Fig. 2 , and thus has the
function to prevent the escape from the circle, its magnitude is propositional to 1 || x e (t) −x i (t) || γ−1 . In this paper, assume the
coupling weights w ei = 1 , i = 1 , 2 , . . . , n . Then, deﬁne the overall repulsion h r e (t) ∈ R 2 on the evader as: 
h r e (t) := 
n ∑ 
i =1 
h r ei (t) (16)
that is, the evader tries to avoid all the defenders to escape. A more active escape strategy of the evader will be considered
in a future paper. 
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 4. Overall control laws of the agents 
From the above analysis, one has the control laws of the agents in the following, each term in the control laws has the
explicit physical meaning, as explained above: 
Proposition 2. Consider the dynamics (1)(2) of the defenders and the evader with the control laws: 
u i (t) = g i (t) − k v ˙ xi (t) + f r i (t) + f a ie (t) , i = 1 , 2 , . . . , n, (17) 
u e (t) = −κv ˙ xe (t) + h r e (t) (18) 
where the control forces f r 
i 
(t) , f a 
ie 
(t) , h r e (t) ∈ R 2 are deﬁned in (9) , (14) and (16) , respectively, κv ≥ 0 is the velocity damping gain
of the evader. For convenience, the dynamics (1)(2) of the defenders and the evader are rewritten as follows: 
x¨ i (t) = −
|| ˙ xi (t) || 2 x i (t) 
r 2 
− k v ˙ xi (t) −
∑ 
j∈N i 
k r w i j 
|| x i (t) − x j (t) || 2 
(
x j (t) −
〈 x i (t ) , x j (t ) 〉 
r 2 
x i (t) 
)
+ k a 
(
x¯ e (t + τ ) − 〈 x i (t) , ¯x e (t + τ ) 〉 
r 2 
x i (t) 
)
. 
x¨ e (t) = − κv ˙ xe (t) + 
n ∑ 
i =1 
κr 
x e (t) − x i (t) 
|| x e (t) − x i (t) || γ . 
Then, with the initial conditions (3) and (4) , one has: 
• since ( f r 
i 
(t) + f a 
ie 
(t)) ⊥ x i (t) , i = 1 , 2 , . . . , n, thus the defenders are always conﬁned to the circle; 
• the evolution of the system is that, the defenders try to guard the circle to prevent the escape of the evader, while the evader
attempts to avoid the defenders to escape. 
Remark. Successful conﬁnement or escape depends on the following factors: the number n of the defenders, the initial con-
ditions of all the agents, the velocity damping gains k v and κv , the attraction–repulsion coeﬃcients k a , k r of the defenders,
the repulsion coeﬃcient κ r of the evader, and the coeﬃcient τ in the position prediction. 
In numerical computations, a feedback f o 
i 
(t) ∈ R 2 should be included in the control law u i ( t ) of the defender to stabilize
it on the circle (for more details about f o 
i 
(t) , refer to [20] ): for example, 
f o i (t) = −k o 
(
1 − r || x i (t) || 
)
x i (t) , i = 1 , 2 , . . . , n (19)
where k o > 0, i.e., the control law (17) becomes: 
u i (t) = g i (t) − k v ˙ xi (t) + f r i (t) + f a ie (t) + f o i (t) . (20)
5. Analysis on minimum energy of the evader for escape 
The evader attempts to avoid all the defenders by the overall repulsion force h r e (t) , which can be viewed from a potential
ﬁeld for the evader. Deﬁne the potential energy ﬁeld P r ( x e ( t )) > 0 of the repulsion force h 
r 
e (t) with γ = 3 as: 
P r (x e (t)) = κr 
n ∑ 
i =1 
1 
|| x e (t) − x i (t) || > 0 
it is a function of number n and all the current positions of the agents. 
For illustration of the potential ﬁled P r ( x e ( t )), consider the simpliﬁed case that the defenders are uniformly distributed
on the circle and ﬁxed, then P r ( x e ( t )) is a function of n and the current position x e ( t ) of the evader, in this case, the minimal
potential is at the center of the circle, i.e., 
min || x e (t) || <r 
P r (x e (t)) = κr 
n ∑ 
i =1 
1 
|| x i (0) || = 
κr n 
r 
(21) 
which increases as n increases; and since P r ( x e ( t )) → ∞ when x e ( t ) → x i ( t ), then the large number n of the defenders is a
factor that favors successful conﬁnement; the same is for the coeﬃcient κ r . Fig. 4 is the illustration of the potential ﬁled
P r ( x e ( t )) and its gradient with the contour lines. 
Note that the system is strongly nonlinear, it may be too complex to analyze the minimum energy of the evader for
successful escape in a general case. Here, we provide an estimation in the following Proposition 3 . 
W. Li / Commun Nonlinear Sci Numer Simulat 39 (2016) 442–457 449 
Fig. 4. Illustration of the potential ﬁled P r ( x e ( t )) and its gradient as a function of different positions of x e (t) inside the circle when || x e ( t )|| ≤ 0.9 r . n = 7 , 
r = 1 , κr = 1 . 
Fig. 5. Escape of the evader against the uniformly distributed and stationary defenders. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Proposition 3. Consider the n defenders (n ≥ 3 ) who are initially uniformly distributed on the circle with zero initial velocities,
and k r > 0, γ = 3 , and the evader is initially located at the center of the circle, i.e., x e (0) = 0 , with ˙ xe (0) 
 = 0 . Denote the initial
energy E e (0) of the evader as: 
E e (0) := 1 
2 
|| ˙ xe (0) || 2 , 
and deﬁne 
E(n ) := κr 
n ∑ 
i =1 
1 
|| x m − x i (0) || −
κr n 
r 
> 0 . 
Then: 
• if the evader has the initial energy E e (0) ≤ E ( n ), the evader cannot escape for any k a ≥ 0 (even for the best case for the evader
that all the defenders remain stationary, i.e., with k a = 0 ); 
• the evader with initial energy E e (0) > E ( n ) and k a > 0 cannot necessarily escape, even E e (0)  E ( n ) . 
Proof. First, consider the n defenders ( n ≥ 3) who are uniformly distributed on the circle with zero initial velocities, and the
evader initially locates at the center of the circle (i.e., x e (0) = 0 ) with velocity ˙ xe (0) 
 = 0 , and κv = 0 , γ = 3 . For simplicity,
assume: (i) the defenders remain still (i.e., k r = k a = 0 ), and (ii) ˙ xe (0) points to position x m , which is the middle position of
any two adjacent defenders, as illustrated in Fig. 5 . In this case, the potential P r ( x e ( t )) is minimal at position x m than any
other position on the line of the two adjacent defenders, and the evader travels along the direction of ˙ xe (0) , the repulsion
force h r e (t) has the direction that is opposite to the direction of ˙ xe (0) , and if it can pass through the position x m , then it will
escape from the circle. Note that || x m || = r cos (π/n ) . Then, the minimum initial energy of the evader for successful escape
through the position x m is: 
E e (0) > E(n ) . 
Then, compared with the above simpliﬁed case, generally, (i) the initial velocity ˙ xe (0) of the evader does not necessarily
point to x m , and (ii) the defenders use the strategy (13) or (14) to guard the circle instead of remaining stationary, which
will be a more worse case for the evader. So we have the results. 
6. Dynamic properties of the CCE 
The dynamics of the CCE is strongly nonlinear, with strong sensitivity under disturbance, especially for only one defender
or a small number of the defenders who cannot positively span (refer to Deﬁnition 2 in [21] ) the circle. This section is the
ﬁrst attempt on the analysis of the dynamic properties of the system, and presents some measurement of the performance
of the CCE problem. Examples are provided for understanding of the behaviors of the system under different parameters,
which are mostly illustrative. 
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 6.1. Stable patterns 
For the control laws in Proposition 2 , assume 
• the velocity damping gains k v > 0 , κv > 0 , and 
• the evader cannot escape from the circle. 
Then, as t → ∞ , the system will converges to the stable pattern, in which: 
1) the defenders ﬁnally distribute uniformly on the circle and remain stationary; 
2) the evader converges to the center of the circle. 
For successful conﬁnement with k v > 0 and κv = 0 (i.e., the velocity damping of the evader is zero), the system may still
have a stable pattern or a periodic motion pattern, as illustrated in Examples 6 and 7 in Section 7 , respectively. 
6.2. Effectiveness of the trajectory prediction 
From the perspective of the defenders, the attraction force (14) , with the trajectory prediction of the evader (12) , has the
effectiveness to promote the chance of successful conﬁnement, refer to the geometric interpretation of (14) in Section 3 -D.
Also, Examples 5 and 6 in Section 7 provide the comparative illustrations with ( τ > 0) and without ( τ = 0 ) the trajectory
prediction of the evader. 
6.3. The physical roles of the system parameters for system dynamics 
Without considering energy-eﬃciency, the parameters that favor successful conﬁnement are that: the large number n of
defenders, the large attraction coeﬃcient k a , the small velocity damping gain k v , and the large velocity damping gain κv . 
It may be unexpected or not straightforward that, other values of the parameters that favor successful conﬁnement are
that: 
• the proper (not too large or too small) repulsion coeﬃcients κ r and k r , 
• the proper coeﬃcient τ > 0 in the trajectory prediction. 
The supporting examples are given in Section 7 and more quantitative analysis will be addressed in a future paper. 
For the physical roles of the system parameters with respect to the system dynamics, some interesting results are listed
as follows, and some of which may be unexpected (the supporting examples will be given in Section 7 ): 
(1) For only n = 1 defender in the CCE problem: 
• A larger value of k a favors successful conﬁnement. 
• It may be unexpected that, the judgment or prediction of successful conﬁnement or escape is not an easy task , even
the motion pattern seems to be periodic and the conﬁnement seems to be successful, since the dynamics of the
agents are strongly nonlinear. 
• For a larger value of κ r , i.e., a larger repulsion h r e (t) from the defender, the trajectory of the evader tends to shrink
into a smaller region. However, a larger κ r does not necessarily prolong the escape time . 
• For a large enough κ r , i.e., a large enough repulsion h r e (t) from the defender, the evader may escape more faster,
since there is only one defender. 
(2) For n = 2 or a small number n of the defenders in the CCE problem: 
• A larger repulsion coeﬃcient k r will induce a larger gap between two neighbor defenders, and the evader may
ﬁnd an earlier opportunity to escape. 
• The increase of the velocity damping k v of the defenders will promote the chance of successful escape, since it
reduces the agility of the defenders. 
• A smaller k a tends to induce an earlier escape of the evader, since the attraction forces on the defenders decrease,
the defenders thus have less agile behaviors moving to the proper positions to ban the evader. 
• Interestingly, a large enough or small enough κ r will induce an earlier escape of the evader. The reason is that, for
large κ r , the evader will get more energy and thus may ﬁnd a gap between the defenders for escape; however,
when κ r is too small, the repulsion on the evader is also small and may be not enough to hold the evader back
(the extreme case is κr = 0 , the evader can always escape from the circle). 
(3) For a larger number of defenders in the CCE problem: 
• The system with k v > 0 may still have a stable pattern or a periodic motion pattern even for κv = 0 (i.e., the
velocity damping of the evader is zero). 
• The larger the value of k a , the more agile maneuvers the defenders have, and thus the higher energy costs the
defenders have. 
• A too larger value of k a will induce a much longer transient process (if the system has a stable pattern), with
higher energy costs and lower φ( t ), and thus is not desired in the design of the control laws. 
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 Remark. For only one defender or a small number of the defenders who cannot positively span (refer to Deﬁnition 2 in
[21] ) the circle during the conﬁnement, the robustness of the system is weak, the evolution of the system may change
signiﬁcantly under small disturbance of the initial condition or the parameters of the control laws (the illustrations are
omitted for limited space). 
As a contrary, the values of the parameters that favor successful escape are the ones that harm successful conﬁnement. 
6.4. Performance indices 
Deﬁnition 4. Deﬁne the conﬁnement-margin φ( t ) as [14] : 
φ(t) := 1 − || x e (t) || 
r 
≤ 1 
with φ( t ) ≤ 0 means that the evader always escapes. 
Remark. The larger the value of φ( t ), the higher energy-cost on the maneuvers the defenders have. 
Additionally, we present two categories of the energy-related performance indices, i.e., 
• the energy-cost indices (mainly distance-cost and energetic-cost), and 
• the energy-eﬃciency indices, 
as deﬁned in the following: 
Deﬁnition 5. Energy-cost indices: 
1) Deﬁne the distance-cost J d 
i 
(t) ∈ R + of each agent as: 
J d i (t) := 
∫ t 
0 
|| ˙ xi (t ) || dt , 
where i ∈ { 1 , 2 , . . . , n, e } , t ≤ t e ; the average distance-cost ( t ≤ t e ) of all the defenders is: 
J d (t) := 1 
n 
n ∑ 
i =1 
J d i (t) . 
2) Deﬁne the energetic-cost J e 
i 
(t) ∈ R + of each agent as: 
J e i (t) := 
∫ t 
0 
|| u i (t ) || dt , 
where i ∈ { 1 , 2 , . . . , n, e } , t ≤ t e ; the average energetic-cost ( t ≤ t e ) of all the defenders is 
J e (t) := 1 
n 
n ∑ 
i =1 
J e i (t) . 
Deﬁnition 6. Energy-eﬃciency indices: 
1) Deﬁne the energy-eﬃciency index η1 ( t ) as the ratio of J 
d 
e (t) to the energy-cost of all the defenders: 
η1 (t) := J 
d 
e (t) ∑ n 
i =1 J 
d 
i 
(t) 
, t ∈ [ ε, t e ] , 
where ε > 0 (to avoid division by zero). 
2) Deﬁne the energy-eﬃciency index η2 ( t ): 
η2 (t) := J 
e 
e (t) ∑ n 
i =1 J 
e 
i 
(t) 
, t ∈ [ ε, t e ] . 
Remark. For numerical illustrations, see Examples 6 and 7 in Section 7 . 
7. Dynamics and motion patterns 
The following examples illustrate the dynamics and motion patterns of the n defenders on the unit circle S 1 against the
evader in the 2D space, with r = 1 and γ = 3 . The initial condition of the evader is: x e (0) = [0 . 4 , 0] T and ˙ xe (0) = [0 . 2 , 0 . 4] T ,
if without special mention. 
In the following simulations, the step length in each simulation is 0.01(s). The notations  and o in the ﬁgures represent
the initial and terminal (or current) positions of the agents, respectively, and the arrows represent the velocities of the
agents. 
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Fig. 6. Illustration of the dynamics of the agents. (a) k a = 100 . The evader can successfully escape from the circle. (b) k a = 10 0 0 , t ∈ [0, 140]. The velocities 
˙ x1 (t) and ˙ xe (t) in this case are illustrated in (c) and (d), respectively. (e) k a = 10 0 0 , and t ∈ [0, 488.7] and t ∈ [470, 488.7] for the two sub-ﬁgures in (e) 
respectively, the evader can still escape from the circle. (f) The illustration of || x e ( t )|| and φ( t ) in the case of (e). 
 
 
 
 
 
 
 
 
 
 
 7.1. One defender 
Example 1. Consider only one defender on the unit circle, and x 1 (0) = [1 , 0] T , ˙ x1 (0) = 0 . Let τ = 0 , i.e., no trajectory pre-
diction on the evader. k o = 100 . k v = 1 , κv = 0 , κr = 0 . 01 ( k r is not used). Fig. 6 illustrates the effect of different values of k a
( k a = 100 and k a = 10 0 0 , respectively). 
Example 2. Let k a = 10 0 0 and κr = 0 . 1 , and the other parameters are the same as in Example 1 . The dynamics of the system
is illustrated in Fig. 7 . 
Example 3. The effect of different values of κv is illustrated in Fig. 8 , all other parameters are the same as in Example 2 . 
From the examples, we have the interesting results, and some of which may be unexpected: 
• A larger value of k a favors successful conﬁnement [compare with (a) and (b) in Fig. 6 ]. 
• It may be unexpected that, the judgment or prediction of successful conﬁnement or escape is not an easy task. As illustrated
in Fig. 6 (b), the motion pattern seems to be periodic and the conﬁnement seems to be successful; however, the evader
escapes at about t e ≈ 488.5 second, as illustrated in Fig. 6 (e). 
• As κ r increases to κr = 0 . 1 , i.e., a larger repulsion h r e (t) from the defender, the trajectory of the evader shrinks into a
smaller region [compare with Figs. 6 (b) and 7 ]. However, the larger κ r does not necessarily prolong the escape time [e.g.,
in Fig. 7 , t e ≈ 390.3(s) that is smaller than the case of Fig. 6 (b)]. 
• For a large enough κ r , the evader may escape more faster (for example, when κr = 1 in the case of Fig. 7 , the illustration
omitted) since there is only one defender. 
7.2. Two defenders 
Example 4. Consider cooperative conﬁnement of the n = 2 defenders against the escape of the evader on the unit circle. Let
k o = 1 × 10 7 , k v = 1 , k a = 100 , κv = 0 , κr = 0 . 1 . τ = 0 . The initial conditions of the defenders are: x 1 (0) = [1 , 0] T , x 2 (0) =
[ −1 , 0] T , ˙ x1 (0) = ˙ x2 (0) = 0 . Then, 
• Fig. 9 illustrates the dynamics of the agents with k r = 7 . 
• Fig. 10 illustrate the dynamics of the agents with k r = 70 . 
For a small number n of the defenders, some interesting results are listed below, and some of which may be unexpected:
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Fig. 7. Illustration of the dynamics of the agents. The escape of the evader is successful. (a) The trajectories of positions and velocities of the agents, 
t ∈ [0, 140]. (b) The trajectories of positions of the agents, t ∈ [0, 390.4] and t ∈ [370 , 390 . 4] , respectively. (c) || x e ( t )|| and φ( t ). 
a
b
c
d
Fig. 8. Illustration of the dynamics of the agents for different values of κv . t ∈ [0, 140]. (a) and (b): κv = 0 . 01 , k o = 100 . The trajectories of positions 
and velocities of the agents, respectively. (c): κv = 0 . 2 , k o = 1 × 10 7 . The trajectories of positions and velocities of the agents respectively. (d): κv = 1 , 
k o = 1 × 10 7 , || x e ( t )|| and φ( t ), t ∈ [0, 70]. 
 
 
 • A larger repulsion coeﬃcient k r will induce a larger gap between two neighbor defenders, and the evader may ﬁnd an
earlier opportunity to escape, as illustrated in the snapshots in Fig. 10 with t e ≈ 12.9, compared with Fig. 9 . 
• The increase of the velocity damping k v of the defenders will promote the chance of successful escape, since it reduces
the agility of the defenders, for example, in the case of Fig. 9 , let k v = 12 , then the evader will escape at about t e ≈ 6.49
(the illustration is omitted for limited space). 
454 W. Li / Commun Nonlinear Sci Numer Simulat 39 (2016) 442–457 
Fig. 9. The dynamics of the defenders and the evader. k v = 1 , k r = 7 , t ∈ [0, 59.2]. The evader escapes at t e ≈ 59.15. 
Fig. 10. The snapshots of the dynamics of the agents. The evader escapes. The arrows represent the velocities of agents. k v = 1 , k r = 70 , t ∈ [0, 13]. 
Fig. 11. The dynamics of the agents with k a = 0 and k a = 11 , respectively. 
 
 
 
 
 
 
 
 
 • A smaller k a tends to induce an earlier escape of the evader, for example, k a = 11 in the case of Fig. 9 (the illustration
is omitted for limited space), since the attraction forces on the defenders decrease, the defenders thus have less agile
behaviors moving to the proper positions to ban the evader. 
• Interestingly, a large enough or small enough κ r (for example κr = 1 or κr = 0 . 01 in the case of Fig. 9 ) will induce an
earlier escape of the evader (the illustration is omitted for limited space). Refer to Section 6 -C for the reasons. 
7.3. Multiple defenders 
Example 5. Consider cooperative conﬁnement of the n = 6 defenders on the unit circle against the escape of one evader.
The defenders are uniformly distributed on the circle at t = 0 with zero initial velocities. k o = 1 × 10 7 . κv = 0 , κr = 0 . 1 . k v =
1 , k r = 7 . τ = 0 . The dynamics of the system is illustrated in Fig. 11 . We have: 
1. When k a = 0 , i.e., the defenders remain still, and in this case, the evader can escape from the circle, t e ≈ 9.72. 
2. When k a = 11 , the defenders move to prevent the evader, the evader can still escape from the circle but with the longer
evolution, t e ≈ 11.95. 
Example 6. Let k a = 11 , τ = 0 . 3 , and other parameters are the same as in Example 5 . Then, the evader fails to escape, as
illustrated in Fig. 12 , which reﬂects the effectiveness of the trajectory prediction of the evader in the cooperative conﬁne-
ment strategy (as compared with Example 5 , in which τ = 0 ). The snapshots of the dynamics of the agents are shown in
Fig. 1 . 
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Fig. 12. The effectiveness of the trajectory prediction in the cooperative conﬁnement. The trajectory of the evader will converge to the origin. Failure of 
the escape. k a = 11 . τ = 0 . 3 . t ∈ [0, 136]. (a) The dynamics of the agents and the stable pattern of the agents respectively. (b) The position trajectories of 
all the agents and defender 1, respectively. (c) || x e ( t )|| and φ( t ). φ( t ) → 1. 
Fig. 13. The energetic costs J e 
i 
(t) , i = 1 , 2 , . . . , n, J e ( t ) and the distance costs J d 
i 
(t) , i = 1 , 2 , . . . , n, J d ( t ) of the defenders during the conﬁnement. 
 
 
 
 
 
 In Example 6 , the stable pattern is that, the trajectory of the evader will converge to the origin 0 , although κv = 0 , and
all the defenders will uniformly distributed on the circle and maintain stationary, φ( t ) → 1. 
Fig. 13 illustrates the energy costs J e ( t ) and J d ( t ) of the defenders during the conﬁnement in the case of Example 6 . 
Example 7. Let k a = 30 , τ = 0 . 3 , and other parameters are the same as in Example 6 , the conﬁnement is successful. Fig. 14
illustrates the periodic motion pattern of the agents (which is different from the stable motion pattern in the case of
Example 6 ) and the energy costs J e ( t ) and J d ( t ) of the defenders during the conﬁnement, φ( t ) oscillates ( φ( t )  1). 
Remark. Compare with Example 6 ( Figs. 12 and 13 ) and Example 7 ( Fig. 14 ), the larger the value of k a , the more agile
maneuvers the defenders have, and thus the higher energy costs the defenders have. 
8. Future considerations 
Successful conﬁnement/escape and t e depend on the following factors: the number n of the defenders; the initial condi-
tions of all the agents, i.e., || x e (0)||, x e (0), ˙ xe (0) , x i (0), ˙ xi (0) , i = 1 , 2 , . . . , n ; the velocity damping gains k v , κv ; the attraction–
repulsion coeﬃcients k a , k r of the defenders; the repulsion coeﬃcient κ r of the evader; and the coeﬃcient τ in the position
prediction. That is, t e is a function: 
t e = t e (n, k v , κv , k a , k r , κr , τ, || x e (0) || , x e (0) , ˙ xe (0) , x (0) , ˙ x (0) , i = 1 , 2 , . . . , n ) . i i 
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Fig. 14. Illustration of the dynamics of the system, the conﬁnement is successful. In each ﬁgure, t ∈ [0, 136] without special mention. (a) The trajectories 
of the positions of all the agents and predator 1 respectively. (b) || x e ( t )|| and φ( t ). (c) The distance costs J d i (t) , J 
d ( t ), the energetic costs J e 
i 
(t) , J e ( t ) of the 
defenders, and the energy-eﬃciency indices η1 ( t ), η2 ( t ) (in η1 ( t ), η2 ( t ), t ∈ [0.3, 136]). 
 
 
 
 
 
 
 
 
 
 
 
 For systematic analysis of the behaviors of the agents with respect to large intervals of the parameter settings, a separate
paper will be soon presented on this concern, together with the winning sets for the defenders and the evader, respectively.
9. Conclusion 
In this paper, we consider the boundary patrolling on a circle of multiple defenders against the escape of an evader,
and focus on the design of the control strategies of the agents, with the adaptive mechanisms that promote successful
conﬁnement. Then, we analyze the minimum energy of the evader for possible escape, the dynamics of the system, the
effectiveness of the strategies, and the roles of the system parameters, with the illustrations of motion patterns of the
system and energy cost of the conﬁnement. Finally, some suggestions about the CCE are provided for further investigations,
for example, more characteristics of the behaviors of the system under larger intervals of the parameters, together with
consideration on sensing uncertainties, communication delays and disturbances in the system, as well as supervisory control
[45] applied to this problem. 
Appendix 
Lemma A1. Consider the control law of the defenders: 
u i (t) = g i (t) − k v ˙ xi (t) + f r i (t) + f o i (t) , i = 1 , 2 , . . . , n (A.1)
with the all-to-all or nearest neighboring coupling W 1 . Then 1) the defenders are always on the circle; and 2) if k v > 0 , then the
defenders will uniformly distribute on the circle, with ˙ xi (t) → 0 , i = 1 , 2 , . . . , n, and the average position 
x (t) := 1 
n 
n ∑ 
i =1 
x i (t) → 0 
Remark. Note that f r 
i 
(t) → 0 , but f r 
i j 
(t) → 0 , i = 1 , 2 , . . . , n, refer to [20] . Fig. A1 illustrates the dynamics of the defendersin the 2D. 
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Fig. A1. Uniform deployment of the agents on the circle. N = 7 , k v > 0 . The notations  and o represent the initial and ﬁnal positions of the defenders, 
respectively. 
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